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Abstract. We say that a finite dimensional Lie algebra is quasi-reductive if it has a linear form 
whose stabilizer for the coadjoint representation, modulo the center, is a reductive Lie algebra with a 
center consisting of semisimple elements. Parabolic subalgebras of a semisimple Lie algebra are not 
always quasi- reductive (except in types A or C by work of Panyushev). The classification of quasi- 
reductive parabolic subalgebras in the classical case has been recently achieved in unpublished work 
of Duflo, Khalgui and Torasso. In this paper, we investigate the quasi-reductivity of biparabolic 
subalgebras of reductive Lie algebras. Biparabolic (or seaweed) subalgebras are the intersection of 
two parabolic subalgebras whose sum is the total Lie algebra. As a main result, we complete the 
classification of quasi-reductive parabolic subalgebras of reductive Lie algebras by considering the 
exceptional cases. 

Resume. Une algebra de Lte de dimension finie est dite quasi-reductive si elle possede une forme 
lineaire dont le stahlisateur pour la representation coadjointe, modulo le centre, est une algebre de 
Lie reductive avec un centre forme d'elements semi-simples. Les sous-algebres paraboliques d'une 
algebre de Lie semi-simple ne sont pas toujours quasi-reductives (sauf en types A ou C d'apres un 
resultat de Panyushev). Recemment, Duflo, Khalgui and Torasso ant termini la classification des 
sous-algebres paraboliques quasi-reductives dans le cas classique. Dans cet article nous etudions la 
quasi-reductivite des sous-algebres biparaboliques des algebres de Lie reductives. Les sous-algebres 
biparaboliques sont les intersections de deux sous-algebres paraboliques dont la somme est I'algebre 
de Lie ambiante. Notre principal resultat est la completion de la classification des sous-algebres 
paraboliques quasi-reductives des algebres de Lie reductives. 

Introduction 

Let G be a complex connected linear algebraic Lie group. Denote by g its Lie algebra. The group G acts on the 
dual g* of g by the coadjoint action. For ,/" G 0*, we denote by G{f) its stabilizer in G; it always contains the center 
Z of G. One says that a linear form / G g* has reductive type if the quotient G{f)/Z is a reductive subgroup of 
GL(g). The Lie algebra g is called quasi-reductive if it has linear forms of reductive type. This notion goes back to 
M. Duflo. He initiated the study of such Lie algebras because of applications in harmonic analysis, see Pu82 . For 
more details about linear forms of reductive type and quasi- reductive Lie algebras we refer the reader to Section [T] 

Reductive Lie algebras are obviously quasi-reductive Lie algebras since in that case, is a linear form of reductive 
type. Biparabolic subalgebras form a very interesting class of non-reductive Lie algebras. They naturally extend 
the classes of parabolic subalgebras and of Levi subalgebras. The latter are clearly quasi-reductive since they 
are reductive subalgebras.. Biparabolic subalgebras were introduced by V. Dergachev and A. Kirillov in the case 
g = sin, see [DKOO) . A biparabolic subalgebra or seaweed subalgebra (of a semisimple Lie algebra) is the intersection 
of two parabolic subalgebras whose sum is the total Lie algebra. 

In this article, we are interested in the classification of quasi-reductive (bi)parabolic subalgebras. Note that it is 
enough to consider the case of (bi)parabolic subalgebras of the simple Lie algebras, cf. Remark 11.41 
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In the classical cases, various results are already known: AH biparabolic subalgebras of sl„ and sp2„ are quasi- 
reductive as has been proven by D. Panyushev in |P05| . The case of orthogonal Lie algebras is more complicated: On 
one hand, there are parabolic subalgebras of orthogonal Lie algebras which are not quasi-reductive, as P. Tauvel and 
R.W.T. Yu have shown (Section 3.2 of [TY04a] ). On the other hand, D. Panyushev and A. Dvorsky exhibit many 
quasi-reductive parabolic subalgebras in |Dv03| and [P05| by constructing linear forms with the desired properties. 
Recently, M. Duflo, M.S. Khalgui and P. Torasso have obtained the classification of quasi-reductive parabolic subal- 
gebras of the orthogonal Lie algebras in unpublished work, [DKT) . They were able to characterize quasi-reductive 
parabolic subalgebras in terms of the flags stabilized by the subalgebras. 

The main result of this paper is the completion of the classification of quasi-reductive parabolic subalgebras of 
simple Lie algebras. This is done in Section [5] (Theorem [5]T] and Theorem 1 5. 2 1) . Our goal is ultimately to describe all 
quasi-reductive biparabolic subalgebras. Thus, in the first sections we present results concerning biparabolic subalge- 
bras to remain in a general setting as far as possible. For the remainder of the introduction, g is a finite dimensional 
complex semisimple Lie algebra. 

The paper is organized as follows: 

In Section [1] we introduce the main notations and definitions. We also include in this section a short review of 
known results about biparabolic subalgebras, including the description of quasi-reductive parabolic subalgebras in the 
classical Lie algebras (Subsection ll.4|) . In Section [21 we describe two methods of reduction, namely the transitivity 
property (Theorem 12. ip and the additivity property (Theorem 12. lip . As a first step of our classification, we exhibit 
in Section [3] a large collection of quasi-reductive biparabolic subalgebras of g (Theorem 13. 6p . Next, in Section |4l 
we consider the non quasi-reductive parabolic subalgebras of g, for simple g of exceptional type (Theorems 14.11 14.31 
and l4.6p . This is a crucial part of the paper. Indeed, to study the quasi-reductivity, we can make explicit computations 
(cf. Section [S} while it is much trickier to prove that a Lie algebra is not quasi-reductive. Using the results of 
Sections [21 El and 21 we are able to cover a large number of parabolic subalgebras. The remaining cases are dealt with 
in Section [5] (Theorem 15.61 Propositions 15.8 1 and 15.9]) . This completes the classification of quasi-reductive parabolic 
subalgebras of g (Theorems 15. II and 15.21 see also Tables [6l and [7]) . 

At this place, we also want to point out that in [MY| . O. Yakimova and the second author study the maximal 
reductive stabilizers of quasi-reductive parabolic subalgebras of g. This piece of work yields an alternative proof of 
Proposition 15. 91 which is not based on the computer programme GAP, see Remark 15.101 
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1. Notations, definitions and basic facts 

In this section, we recall a number of known results that will be used in the sequel. 
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1.1. Let be a complex Lie algebra of a connected linear algebraic Lie group G. Denoting by the Lie algebra 
of G{f), we have = {x £ q \ (ad*a;)(/) = 0} where ad* is the coadjoint representation of g. Recall that a linear 
form / € 0* is of reductive type if G{f)/Z is a reductive Lie subgroup of GL(0). We can reformulate this definition 
as follows: 

Definition 1.1. An element / of g* is said to be of reductive type if is a reductive Lie algebra whose center 

consists of semisimple elements of g where 3 is the center of g. 

Recall that a linear form / G g* is regular if the dimension of Q{ f) is as small as possible. By definition, the index 
of g, denoted by indg, is the dimension of the stabilizer of a regular linear form. The index of various special classes 
of subalgebras of reductive Lie algebras has been studied by several authors, cf. |P03| . [Ya06] . [Mor06a| . [Mor06bj . 
For the index of seaweed algebras, we refer to [POT] . [Dv03| . [TY04a| . [TY04b| . [J06] and [JOT] . 

Recall that g is called quasi-reductive if it has linear forms of reductive type. From Duflo's work |Du821 §§L26-27] 
one deduces the following result about regular linear forms of reductive type: 

Proposition 1.2. Suppose that g is quasi-reductive. The set of regular Unear forms of reductive type forms a Zariski 
open dense subset of q* . 

1.2. From now on, g is a complex finite dimensional semisimple Lie algebra. The dual of g is identified with g 
through the Killing form of g. For u £ g, we denote by ifiu the corresponding element of g*. For m G g, the restriction 
of ifiu, to any subalgebra of g will be denoted by {'Pu)\a- 

Denote by vr the set of simple roots with respect to a fixed triangular decomposition 

g = n""" e fi © n" 

of g, and by (respectively , A^) the corresponding root system (respectively positive root system, negative root 
system). If tv' is a subset of tt, we denote by A^/ the root subsystem of A.^- generated by tt' and we set A J, = A^/ PlAj. 
For a £ Att, denote by gc the a-root subspace of g and let ha be the unique element of [go,, Q-a] such that a{hc,) = 2. 
For each a € A.^-, fix Xa £ g^ so that the family {xa, feg ; a € A^, /3 € vr} is a Chevalley basis of g. In particular, for 
non-colinear roots a and /3, we have [xcXib] = ±(p+ l)xc,+i3 if /3 — pa is the source of the a-string through /?. 

We briefly recall a classical construction due to B. Kostant. It associates to a subset of tt a system of strongly 
orthogonal positive roots in A^. This construction is known to be very helpful to obtain regular forms on biparabolic 
subalgebras of g. For a recent account about the cascade construction of Kostant, we refer to |TY04bl §1.5] or |TY05I 
§40.5]. 

For A in ()* and a G A^, we shall write (A,a^) for X{ha). Recall that two roots a and /3 in A^ are said to be 
strongly orthogonal if neither a -\- j3 nor a — /3 is in A^. Let n' be a subset of n. The cascade X^i of n' is defined by 
induction on the cardinality of tt' as follows: 

(1) 3C(0)=0, 

(2) If 7ri,. . . ,n'j. are the connected components of tt', then 3C^; = 3C^; U ■ ■ ■ U X^i^, 

(3) If n' is connected, then — {tv'} U %t where T = {a £ n' \ {a, e^,) = 0} and e^/ is the highest positive 
root of A"*",. 

For K eX^i, set 

Tk = {a e Ak i (a, Ek) > 0} and = Fx \ {ek} ■ 
Notice that the subspace ga is a Heisenberg Lie algebra whose center is g^^ . 

The cardinality k.^ of 3C,r only depends on g; it is independent of the choices of f) and tt. The values of k.^ for the 
different types of simple Lie algebras are given in Table [T] in this table, for a real number x, we denote by [x] the 
largest integer < x. 

For tt' a subset of tt, we denote by £,^1 the set of the highest roots ek where K runs over the elements of the 
cascade of tt'. By construction, the subset is a family of pairwise strongly orthogonal roots in A„i . For the 
convenience of the reader, the set for each simple Lie algebra of type tt, is described in the Tables [5] and [3] We 
denote by E„i the subspace of ()* which is generated by the elements of . 
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Af,f > 1 


Be,e>2 


Ci,e>3 


D£,£ > 4 


G2 


F4 


Eg 


E7 


Eg 




e 


I 




2 


4 


4 


7 


8 



Table 1. for the simple Lie algebras. 



Af, l> 1: 



Bf, £ > 2 : 



Ci, f > 3: 



D,, f even, £ > 4: 



Df, £ odd, £ > 5: 



O O O O O {e> = a. H h Q,+ (£-2.+l), « < I I } 

Q Q Q Q ' ^ -r ^ {a — OLi-\ + 2oii + • ■ ■ + 2Qf , i even, i < £} U {e^ — ck^, « odd, i < i?} 

Ql Q2 Q^-l 

O O- O r > J- r > {ei = 20; + • ■ ■ + 2Qf_i + a^, i < £ — 1} U {et = Qf} 

{ei — tti-i + 2a^ + • ■ • + 2q^_.2 + ctt-l + ck^, * even, i < £ — 1} 

ai CK2 Q^^-2x ' 

O O O CC U {si = Oi, i odd, i <l} U {e^ = a*} 

{a — fti-i + 2ai + ■ ■ ■ + 2af_2 + ck^-i 4- Q^, « even , 

ai a2 Q^-2^ 

o o o- ^ 

U {et — ai, i odd , i < £} U {e^-i — a^-2 + + q^} 

jQf_l 

Table 2. £^ for the classical Lie algebras. 




«i 02 

G2: O ! O {Sl = 23 , £2 = 01 } 

ai ai a^ 04 

F4: O O "• O O {ei = 2342 , £2 = 0122 , £3 = 0120 , £4 = 0100 } 

a\ a^ 04 a^i as 
Eg: O O 9 O O {ei = 12321 , £2 = 11111 , £3 = OHIO , £4 = 00100 } 



Q2 







a\ as a4 05 Q7 
E7: O O O O O O {ei = 234321 , £2 = 012221 , £3 = 012100 , £4 = 000001 
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£6 = 000000 , £6 = 010000 , £7 = 000100 } 
10 

01 03 04 a5 ae Q7 Qg 

Es: O O O O O O {ei = 2465432 , £2 = 2343210 , £3 = 0122210 , £4 = 0121000 , 

T 3 2 11 
"2 O 

£5 = 0000010 , £6 = 0000000 , £7 = 0100000 , £8 = 0001000 } 



Table 3. £7^ foi' the exceptional Lie algebras. 



L3. A biparabolic subalgebra of g is defined to be the intersection of two parabolic subalgebras whose sum is g. This 
class of algebras has first been studied in the case of sl„ by Dergachev and Kirillov [DKOO] under the name of seaweed 
algebras. 
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For a subset vr' of tt, we denote by p^, the standard parabolic subalgebra of g which is the subalgebra generated by 
= f)©tx''' and by Q-a, for a £ tt'. We denote by p~, the "opposite parabohc subalgebra" generated by b~ = n~ ® f) 
and by Qa, for a € vr'. Set [^/ = p^, np~, . Then 1^/ is a Levi factor of both parabolic subalgebras p^, and p~, and we 
can write [^/ — n^, © f) ffi n~, where n^, = n . Let mj|^, (respectively m~, ) be the nilradical of p^, (respectively 
p~, ). We denote by g^/ the derived Lie algebra of l^i and by 3(1^') the center of I^/. The Cartan subalgebra fi n g^/ 
of g^/ will be denoted by f)^/. 

Definition 1.3. The subalgebra q7ri,7r2 of given as follows by the subsets 7ri,7r2 C n 

is called the stanrfarii biparabolic subalgebra (associated to tti and it2)- Its nilpotent radical is u,ri,7r2 (fi^2 I^it^tti)® 
(n~j nm"^) and lni,-R2 '■= I7rin7r2 is the standard Levi factor of q,ri,7r2- 

Any biparabolic subalgebra is conjugate to a standard one, see [TY04bl §2.3] or [J06I §2.5]. So, for our purpose, 
it will be enough to consider standard biparabolic subalgebras. 

Remark 1.4. The classification of quasi-reductive (bi)parabolic subalgebras of reductive Lie algebras can be deduced 
from the classification of quasi-reductive (bi)parabolic subalgebras of simple Lie algebras: A stabilizer of a linear form 
on g is the product of its components on each of the simple factors of g and of the center of g. As a consequence, we 
may assume that g is simple without loss of generality. 

Let TTl, 712 be two subsets of tt. The dual of q7ri.7r2 is identified to q7r2,7ri via the Killing form of g. For 

a= {aK)Kex^^ G (C*)'^-2 and 6 = {bL)Lex^, £ (C*)"^"!, set 

It is an element of u,r2.7ri and the linear form (</3„)|q^^ is a regular element of q^^^^, for any (a, 6) running through 
a nonempty open subset of (C*)'^''2+'^''i , cf. |TY04bl Lemma 3.9]. 

We denote by i?7ri,7r2 the subspace generated by the elements £k, for K G 3C^j U %tt2- Thus, dim_E.^j,.^2 = 
k,ri + k,r2 ^ dim(ii'^j fl £^^2)- As it has been proved in [J06I §7.16], we have 

(1) indq^i,^2 = (rkg - dimi5,ri,7r2) + (k^n + k^2 -dimii'^j,^2) 

Remark 1.5. By ([l|, the index of (\-ni.-w2 is zero if and only if E-^-^ n -E,r2 = {0} and k^j + k^j — rkg. For example, in 
type Ee, there are exactly fourteen standard parabolic subalgebras p^, with index zero. The corresponding subsets 
tt' C TT of the simple roots are the following: 

{qi, as}; {as, ae}; {oi, 04, as}; {aa, a4, ae}; {ai, as, ae}; 
{ai,a3, ae}; {ai,a3,as}; {as, as, ae}; {ai, as, a4}; {a4,as,ae}; 
{ai, as, a4, as}; {as, a4, as, ae}; {ai, a2, 03, 04}; {a2, 04, as, ae}. 

This was already observed in the unpublished work [El] of A. Elashvili (with a small error). 

In the sequel, we will often make use of the following element of u^2,ti our way to construct reductive forms: 

^7ri,7r2 ^ ^ X — £ 

If 7r2 = IT, we simply write u^-^ for u^^^-^ and, in the special case of tti = and n2 ~ it, we write u~ for u'^ . Let 
B be the Borel subgroup of G whose Lie algebra is b^. We summarize in the following proposition useful results of 
Kostant concerning the linear form (Vu- )!(,+ • They can be found in [TY05I Proposition 40.6.3]. 

Proposition 1.6. (i) The linear form i^u-)\b+ '^^ of reductive type for b"*". More precisely, the stabilizer of (p^- in 
IS the subspace P| kere^ oft) of dimension rkg — k^. 

(ii) Let m be an ideal of b"*" contained in . The B-orbit of ((^„-)|m in tn* is an open dense subset of m* . 
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1.4. We end the section by reviewing what is known in the classical case. First recall that the biparabolic subalgebras 
of simple Lie algebras of type A and C are always quasi-reductive as has been shown by D. Panyushev in |P05| . 

The classification of quasi-reductive parabolic subalgebras of the orthogonal Lie algebras is given in the recent 
work [DKT] of Duflo, Khalgui and Torrasso. Since we will use this result repeatedly, we state it below. 

Let _E be a complex vector space of dimension A'' endowed with a nondegenerate symmetric bilinear form. Denote 
by sojv the Lie algebra of the corresponding orthogonal group. Let V = {{0} = Vb C Vi C ■ • ■ C T/j = V} be a flag 
of isotropic subspaces in E, with s > 1. Its stabilizer in son is a parabolic subalgebra of son and any parabolic 
subalgebra of son is obtained in this way. We denote by pv the stabilizer of V in sojv. 

Theorem 1.7. [DKT) Let V = {{0} = Vo Vi C ■ ■ ■ C Vs = V} be a flag of isotropic subspaces in E with s > 1. 
Denote by V' the flag of isotropic subspaces in E which is equal to V \ {V} if dim V is odd and equal to N/2, and 
equal to V otherwise. 

The Lie algebra pv is quasi-reductive if and only if the sequence V does not contain two consecutive subspaces of 
odd dimension. 

Example 1.8. For g -De there are twelve standard parabolic subalgebras p — p^, which are not quasi-reductive. 
The corresponding subsets tt' C tt of the simple roots are the following: 

{02}, {04}, {qi, 04}, {q2, 04}, {a2, as}, {a2, ae}, 
{ai, a2, 04}, {a2, as, a4}, {a2, 04, as}, {a2, a4, ae}, 
{a2, as, ae}, {a2, a4, as, ae}. 

Among these, the connected tt' are {02}, {a4}, {02, aa, 04}. 

Thus it remains to determine the quasi-reductive parabolic subalgebras of the exceptional Lie algebras. This is 
our goal. 



2. Methods of reduction 

In this section, we develop methods of reduction to deduce the quasi-reductivity of a parabolic subalgebra from 
the quasi-reductivity of other subalgebras. We assume that n2 = vr. Nevertheless we keep the notations of biparabolic 
subalgebras where it is convenient. 

2.1. The following theorem seems to be standard. As there is no proof to our knowledge, we give a short proof here: 

Theorem 2.1 (Transitivity). Let 7r",7r' be subsets of tt with n" C tt'. Suppose that X„i C OCw- Then, q^n^T^ 
quasi-reductive if and only ifq^ii .,^1 is. 

Proof. Note that the assumption DC,r/ C implies indq^// ,r' = indq^// ,r -I- (k^ — k„i) by formula Since u^i^.,^ 
is an ideal of b"*" contained in n'''. Proposition ILBf ii) enables to choose w' in l^i such that both {^^,^^- )\ci^„ ^ 
and „ , are regular linear forms of q^"_^ and c\^"^n' respectively. Then one can show that c\,t" ,n'{'Pw') = 

^tt" ,Tr{f^i^^- ) ffl X] C/ie^. By Proposition 11.21 if q^"^^ (respectively q^//^/) is quasi-reductive, then we can 

assume furthermore that {f^,^^- „ (respectively {ipw')\i\^,, has reductive type. Hence the equivalence of the 
theorem follows. □ 

Suppose that g is simple and let tt be the subset of tt defined by = {tt} U DCj. If g is of exceptional type, tt \ tt 
only consists of one simple root which we denote by a^. Note that a^ is the simple root which is connected to the 
lowest root in the extended Dynkin diagram. 

As a consequence of Theorem 1 2. II to describe all the quasi-reductive parabolic subalgebras of g, for g of exceptional 
type, it suffices to consider the case of parabolic subalgebras p^, with On £ tt'. This will be an important reduction 
in the sequel. 

Remark 2.2. If g has type F4 (resp. Ee, E7, Es), then gj has type C3 (resp. As, De, E7). In particular, if g has type 
F4 or Ee, then p^, is quasi- reductive for any vr' which does not contain a^ because in types A and C all (bi)parabolic 
subalgebras are quasi-reductive. 
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2.2. As a next step we now focus on a property that we call "additivity" to relate the quasi-reductivity of different 
parabolic subalgebras (cf. Theorem 12. If |) . Throughout this paragraph, g is assumed to be simple. 

Definition 2.3. Let 7r',7r" be subsets of tt. We say that tt' is not connected to n" if a' is orthogonal to a", for all 

(^Qf , a j m TT X TT . 

Notation 2.4. For a positive root a, we denote by K^[a) the only element L of such that a G Fl. Note 
that unless a G £.^, A"^(a) is the only element L of X,r for which £l — Q is a positive root. For K £ 3C,r, we have 
Kt{eK) = K. 

Remark 2.5. It can be checked that K^{a) = [P) for a, /3 simple if and only if a and (3 are in the same orbit 
of —Wo where wn is the longest element of the Weyl group of g. This suggests that wo should play a role in these 
questions, as may be guessed from a result of Kostant which says that £^ is a basis of the space of fixed points of 
— lOo and from work of Joseph and collaborators ( [J06I [JOT] ). 

Definition 2.6. We shall say that two subsets 7r',7r" which are not connected to each other satisfy the condition (*) 
if: 

(*) Kt{oL')j^Kt{a") V (Q',a") G tt' X tt". 

Note that if k^ = rkg (that is if —too acts trivially on tt), the condition (*) is always satisfied. Moreover, by using 
Table O a case-by-case discussion shows: 

Lemma 2.7. Assume that g is simple of exceptional type and let n' be a connected subset of n containing a-^. Then, 
for any subset n" of n which is not connected to tt', the two subsets n' , tt" satisfy the condition (*), unless q = Es, 
tt' = {ai, 0:2, as, 0:4} and tt" = {a^} or by symmetry n' = {02,04,, as, a^} andn" = {ai}. 

Remark 2.8. If g = Ee, with tt' = {ai, 02, 0:3, 04} and tt" — {oq}, then /("^(qi) — K:;^{ae) — {{ofi, 0:3, 04, 05, og}}, 
so tt' and tt" do not satisfy the condition (*). As a matter of fact, the parabolic subalgebra pjj^,^j^„ will appear as a 
very special case (see Remark 12. 12|) . 

Let 7r',7r" be two subsets of tt which are not connected to each other and assume that 7r',7r" satisfy condition 
(*). By Proposition II.6f ii). we can let w' be in 1^/ such that (v5™)|p+ is regular where w = w' + u^,. Denote by 

s' be the image of p^, ((y3„) by the projection map from p^, to its derived Lie algebra g^/ ffi m^, with respect to the 
decomposition p^, — 3(1^') © g,r' (Bva^,. Let t' be the intersection of 3([^/) with f] kere. 

Lemma 2.9. (i) indp+ = dims' -I- dim 4'. 

(ii) [s',piu."] ^ ''^d ^„([s',p+^^„]) = {0}. 

Proof, (i) We have dimp^, (i^^j) = indp^, . Since the image of p^,{(pw) by the projection map from p^, to g^; © m^, 
is s' , it suffices to observe that the intersection of 3(1^/) with p^,{(pw) is t' . And this follows from the choice of w. 

(ii) Let X be an element of p^, {<pm)', write x — xq + x' + x'^ with xo €3(1.^'), x' £ g^/ and x^ £ m^, . Since [x'^ , w'] 
lies in m^, , the fact that x £ p^,{(pw) means [a;o,ii~,] + [s',^'] + [a::',u~,] -I- [a;^,u~,] £ m^,. First, we have to show 
\x' +2;+,p^,, , ,,1 C p^, . As \x',p'^,, , ,,1 C p"'', since 7r",7r' are not connected, it suffices to prove that 2:+ £ m^,, , ,,. If 
not, there are 7 £ A^„, K £ and a' £ A^, such that 

' ' TV ' ' 7r 

y - ^Kt(l) ^ + ^-f^) ' ^K+(-y) = 7 + («' + ex) 

Hence j,a' £ F^+^^j that is K^{a') = _K'^(7). But this contradicts condition (*). Thus [x' + x'^ ,p^,^j^,,] C p^,. 

It remains to show: </7,i,([3::' +2;^, p^,^^,,]) = {0} that is [a:' -l-a;''', w] £Tnj|^,^^„. If[x' + x'^,w] m^/^j^.,, , there must 
hej € At\A^,, K eX,v, and a" £ A+, such that j-ek = a". In particular a" £ r°^.+ (^j that is i4:+(a") = -ftr+(7). 
On the other hand, [x, w] £ m^, implies that there exist a' £ A^, and L £ such that 

~ ^if+(7) = ~('^' + '^-'') ' i-'^- £^+(7) = 7 + (a' + e-c) 
As before, we deduce that a' £ F^+^^j, i.e. A'^(a') = K^{'y) — K^{a") and this contradicts condition (*). □ 

Corollary 2.10. Let n',Tv" be two subsets of n which are not connected to each other and satisfy condition (*). // 
p^/Lj^// is quasi-reductive then p'^, and p^,, are both quasi-reductive. 
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Proof. Suppose that p^,^j^„ is quasi-reductive and that any one of the other two parabolic subalgebras is not quasi- 
reductive and show that this leads to a contradiction. By assumption we can choose (p £ {p^/^j^,,)* of reductive type 
for p^,u^„ such that (p' ~ Pi ^ and ip" — (p\ ^ are pjjr,-regular and p^„-regular respectively. Suppose for instance 

that p^, is not quasi-reductive. By Proposition ll.Gf ii) we can suppose furthermore that (p' = {^w)\^+ for some 
w = w' + u", with w' G L/. 

Since we assumed that p^, is not quasi-reductive, {pin)\^-\- contains a nonzero nilpotent element, x, which is so 

contained in the derived Lie algebra of p^,. Then, Lemma[2]9jii) gives [a;, pjl^,^^,,] C p^, and {0} — ^pw{[x,p^,^J^,,\) = 
Lp' {[x,p'^,^_^i,]) = ip{\x,p'^,^^,,])- As a consequence, p'^/^^„{'P') contains the nonzero nilpotent element x. This 
contradicts the choice of p. The same line of arguments works if we assume that p'^,, is not quasi-reductive. □ 

Under certain conditions, the converse of Corollary 12.101 is also true as we show now. To begin with, let us 
express the index of p'^iyj^,, in terms of those of p^, and p^„. As i5.^/u^// ,r ~ E^t + E^^i^^, we get: dim _E^/u^//_^ = 
dimiJ^; ,r + dimiJ^;/ ,r — dim(£'^/ ,r H E^h^t^). Hence, formula ([T]) implies 

(2) indp^u^" = indp+ -f indp+, - (rkg + k^ -2dim(£,,,^ nB,",,)) . 

In case rkg — k^, the intersection n -B^".^ is equal to E-^ and has dimension rkg. Hence, the index is additive 

in that case, as ([2]) shows. 

Theorem 2.11 (Additivity). Assume that g is simple and of exceptional type and that k^ — rkg. Let 7r',7r" be two 
subsets of TT which are not connected to each other. Then, p^,^j^„ is quasi-reductive if and only if both p^, and p^„ 
are quasi-reductive. 

Remark 2.12. The conclusions of Theorem l2.11l is valid for classical simple Lie algebras, even without the hypothesis 
k.^ = rkg. In types A or C this follows from the fact that all biparabolic subalgebras are quasi-reductive. If g is an 
orthogonal Lie algebra, this is a consequence of Theorem 1 1.71 However, for the exceptional Lie simple algebra Ee, the 
only one for which k^ 7^ rkg, the conclusions of Theorem 12.111 mav fail. Indeed, let us consider the following subsets 
of TT for g of type Eg: n' — {01,02,03,04} and tt" — {aa}.. By Remark 11.51 p^, is quasi-reductive as a Lie algebra 
of zero index. On the other hand, p^„ is quasi-reductive by the transitivity property, cf. Remark 12.21 But, it will be 
shown in Theorem 14.61 that p^,^j^„ is not quasi-reductive. 

As a consequence of Lemma [2. 71 and Corollary 12. 101 even in type Es where rkg 7^ k^, if p^,^J^„ is quasi-reductive, 
then p^, and p^„ are both quasi-reductive. 

As a by-product of our classification, we will see that the above situation is the only case which prevents the 
additivity property to be true for all simple Lie algebras (see Remark 15. 3p . 

Proof. We argue by induction on the rank of g. By the transitivity property (Theorem 12. ip . Remark 12. 121 and the 
induction, we can assume that o^ G tt'. Then, by Lemma [2. 71 and Corollary 12. 101 only remains to prove that if both 
p^, and p^„ are quasi-reductive, then so is p^,^j^„. 

Assume that both p^, and p^,, are quasi-reductive. By Proposition 11.21 we can find a linear regular form p in 
(p^/LJir")* such that (p' — ip^ ^ and p>" = (^l + regular and of reductive type for p^, and p^„ respectively. By 

Proposition II. 6f ii). we can assume that (p = (Vm+u- )L+ , where w = h + w' + w" , with w' € n^,, w" G n^,, and 
ft G f). Hence, p' = {Ph+^'+n-)\f,+^ and p" = {p>h+w"+u-)\p+^^- 

Use the notations of Lemma [2.91 By Lemma l2.9f ii). s' is contained in p^,u^„(v?). Show now that t' is zero. Let 
h be an element t' . Since ft G 6', we have e{h) — for any e G Stt which is not in A^, . On the other hand, for any 
e G £n- n AjI^, , we have e(h) = since h lies in the center of l^i. Hence, our assumption rkg = k,r implies h — 0. As a 
consequence of Lemma r2.9f i). we deduce that indpjj^, = dims'. Similarly, if s" denotes the image of p^„ (</?") under the 
projection from p^„ to g^// ©m^„, Lemma [2.9f ii) tells us that s" is contained in p^,^J^„{(p) and that indp^,, = dims". 

To summarize, our discussion shows that s' -\-s" is contained in p^,^^„{ip) and that these two subspaces have the 
same dimension by equation So s' + s" = p^nj^t,{(p). But by assumption, s' + s" only consists of semisimple 
elements. From that we deduce that (p is of reductive type for pjj^,^j^„, whence the theorem. □ 
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3. Some classes of quasi-reductive biparabolic subalgebras 

In this section we show that, under certain conditions on the interlacement of the two cascades of tti and 712, we 
can deduce that (\tti,-w2 is quasi- reductive f Theorem 1 3. 6 |l . We assume in this section that g is simple. 

3.1. We start by introducing the necessary notations. Recall that for a positive root a, K^{a) stands for the only 
element L of %-n such that q £ Fl, cf. Notation 12.41 To any positive root a G A J we now associate the subset %^ (a) 
of the cascade 3<!,r of all L such that the highest root el can be added to a: 

%-{a) = {L G let +« G Aj}. 

Observe that the set DC" (a) may be empty or contain more than one element. 

Examples 3.1. (1) If K is in the cascade DC^ then %^{ek) is empty. 

(2) In type E7, for a = ua + a;, + ae, the set %~{a) has more than one element: £4 -I- a, £5 -(- a, ee + « are all 
positive roots. 

We need also the following notation; 

Aj = {a G Aj , a = i(eK - ek') ; K,K' e X^} . 

Remark 3.2. One can check that for g a simply-laced simple Lie algebra, no positive root can be written in the way 
as asked for in the definition of Aj. Thus A^ is empty if g is simple of type A, D or E. 

We list the sets A J in Table |4] for the simple Lie algebras of types B^, Ci, G2 and F4. 



Be, £ > 2: {i(e2i - e2i-i), i = 1, [|]} 

Ce, e>3: - £i+fc + i), l<i<e-l,0<k<l-i-l} 

G2: { 11 = Kei - £2)} 

F4: { 1110 =i(£i-£2), 1111 =^(ei-e3), 1121 =i(£i-£4), 

0001 =i(£2-£3), 0011 =i(£2-e4), 0010 =i(£3-£4)} 

Table 4. for the simple Lie algebras. 



Part of the following lemma explains that for a root a in Aj we can actually describe the two cascades involved 
in the expression of a: 

Lemma 3.3. (i) Whenever a G A^, then X^{a) consists of a unique element K^{a). 
(ii) For any element a — \{ek ~ Ek') of A J we have K = K^{a) and K' = K~{a). 

Proof. One can deduce (i) from Table H) 

(ii) By (i), we have X^ {a) — {K^{a)}. Furthermore, < Q, e^- >= 1 so £k — Q is a root (cf. [TY05I Proposition 
18.5.3(iii)]). Since ek — a — Ek' + a, these two are both positive roots, forcing [a) = K and K~ {a) — K' . □ 

Let TTi and n2 be two subsets of vr. We define 

X^/^ = {MeX^^ I EM G A+}. 

Thus, for A'l is in IK^-'-' we have em ~ his , ^ — e,. — , ^) by Lemma [3^ ii). Note that M is an element of the 

cascade of tt^ while K^. (sm) belong to the cascade of -Kj. 

Definition 3.4. Let tti, 712 be subsets of tt. We say that the cascades X-m and X-K2 are well-mterlaced if dim(i5,ri n 

K2) = n 3C,,) ' + 

Remark 3.5. The following subsets 7ri,7r2 of tt give rise to examples of well-interlaced cascades: 

(1) TTi and 7r2 are such that Xt^. C Xt^^ or Xvtj C Xt^.. In particular, this is the case if tti or 7r2 is empty. 

(2) TTi and 7r2 are such that the collection of all highest roots U Et^^ consists of linearly independent element^ 
These two cases have already been studied by Tauvel and Yu in |TY04b] . 

^We mean that this collection of roots forms a set of linearly independent roots, neglecting any multiplicities that 
might occur, cf. Example 13.71 below. 
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We are now ready to formulate the main result of this section. It will be proved in Subsection 13.21 below. 



Theorem 3.6. ietq-^j^^j be a biparabolic subalgebra of g. Assume that the cascades X-^^ and 3C.^2 are well-interlaced. 
Then <^-ki,it2 *s quasi-reductive. 

More precisely, the linear form ^Pu(a,b) is of reductive type for almost all choices of the coefficients {a, b) G C"^"! +'^'^2 . 

Example 3.T. Suppose that g is simple of type Ee. In the case where tti = {02, eta, 04} (resp. tti = {02, as, 04, ae}, 
TTi — {ai, a2, Q3, Q4}) and 712 — n, the union U £-n-2 consists of linearly independent elements. Hence q,ri,7r2 = pji^i 
is quasi-reductive by Remark [33^2) and Theorem 13.61 



We now give an example which is not covered by Remark 13.51 

Example 3.8. Suppose that g is simple of type F4. The subsets tti = {03,04} and 7r2 = tt are well-interlaced and 
^^Tl.^v2 = pti is quasi-reductive by Theorem 13.61 Note that Theorem 12.11 provides an alternative way to prove that 
this parabolic subalgebra is quasi-reductive. 

Remark 3.9. The converse of Theorem 13.61 is not true. For example, we can easily check that the assumption of 
Theorem 13. 61 does not hold for the parabolic subalgebra p^^^ of Es. However, it is quasi-reductive as we will show 
in Subsection 15. II (Theorem 15. 6p . 



3.2. This subsection is devoted to the proof of Theorem 13.61 We start with two technical lemmata. 

Let a € Aj. Recall that by Lemma [3.3r ii). a is written as a = ^i^K+(a) ~ abbreviation we set 

- 1/ 

Thus Of + a = / N and —a + a = , ,. From the relations between the four roots a, a, e,,-, , and e^+, , we 

define the structure constants ri,T2,T3,T4 as follows: 

\Xct . X ~e I — ri X —"a , \X — a^X — £ — T2 X _ , 



'^^''^ ^ K+ (ex) ' [^~onXa\ — TnX^^_^^^ 



Lemma 3.10. Assume that g is of type (t > 2), Ci (£ > S) or F4. Let a be in . 

(i) The only roots of the form ka -f la are {±a, ±q, ±(a ± a)}. 

(ii) We have ti,T2 G { — 1, 1}, rs, T4 £ {—2, 2} and T1T4 — r2T3. 

Proof, (i) By assumption, the four linear combinations ±(a ± q) are all roots. The claim then follows since root 
strings have at most length 2 in types B, C and F. 

(ii) We explain how to obtain ri = ±1, the computations of Ti for i = 2, 3, 4 is completely analogous. Consider 
the a-string through —Sj^+^^y It has the form {— — — so in particular, p = in the notation of 
Subsection 11.21 whence n = ±1. 

Only remains to proof the equality T1T4 = r2T3. We compute the bracket [x-a, [xa,Xa^ in two different ways. We 
have [x-a,Xs ^j^^ J — — tiXq (cf. ITY05I §18.2.2 and Corollary 18.5.5]). Hence [x-c, [a;^, a;^]] = [x-ajT^x^ ^ ^] = 
—T\Tzx-^. On the other hand, as and Ej^- have the same length (g having type different from G2), we have: 

[/ia , a^CK"] — ('^5'-^ )-^cr — 0- So. [X — CK , [a^ct , a^cK"]] — [a^o"; [a'CK , a^ — cv]] "f" [^^ Q , [^^ — a , ^^^j] ] — [/let , a^cfr] ~t~ '^4 [a^d , a:e^_ ^ ^] — 

— T4T2a;^ again by using [TY051 §18.2.2 and Corollary 18.5.5]. We have so obtained rir3 = T2T4. From that the claim 
follows. □ 

From now, we let tti, n2 be two subsets of tt. 

Lemma 3.11. Let M be an element of%YK 
fi) / V and e,,- , , are not roots of TVi. 

(ii) For K G SC^^ , ea/ ± £k is a root if and only if K = K^. (em). 

Proof (i) Can be deduced from Tables [1 [3] and [1 

(ii) The fact that em —e,^+, , and em +£,, / ^ are roots of tt,- has been observed in Lemma [3.10r i). Next, by 

Lemma l3.3r i'). we know that K^. {em) is the only element L of %Tr- such that em -I- £l is a root. Suppose now that 
there is L G S^ttj , L 7^ K^.[em), such that el — em is a root. By Lemma l3.10f i). we have L 7^ K^.{em). So, the 
fact that El — em is a root forces /3 = em — el to be a positive root, by definition of K^. [em). Then the equality 
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/3 + £l = £m implies (/?,eA/) = 1. On the other hand, we have {£m,£l) = (2(^K+.(eAf) ~ ^^f^ (em)''' ~ ^ since 
L / K^.{eM)- So {£l,£m} = 0. As a consequence, 1 — {PjEm) = {13 + £l,£m} = {£m,£m) ~ 2. Hence we get a 
contradiction. □ 

Recall that for (a, 6) £ (C*)'''"i+'''"2 , we have set 

Lemma 3.12. Let (a,6) fee in (C*)''"i+''"2 . i?or iC £ X^. nX^^, M G OCf* and N e iK^^', t/iere extst pK G C*, 
{Xm^pm^vm) £ (C*)^ and (X'm , h'm , ^m) £ (C*)^ SMc/i f/iat i/ie elements yx, zm and tN of 1,^2 defined by 

ZM — X^,, + XmX-e., + flMXs . + VMXe _ 

tiV = X-Ejv + A^Xe„ + ^^X-E , +iy'ffX-e _ 

are semisimple elements of g which stabilize 'Pu(a,b) in. ci,ri,7r2- 

Proof. Set u = u{a,b). For /C" £ DCr^ niK^n-^. , it is clear that j/k is semisimple. Moreover, for pK = ok /bn, the element 
j/A' stabilizes (v5u)|ci„j „2 ; we even have [yK,u] — 0. 

Let now M be in ^K:f ^ If 3Cf' / then g cannot be of type G2, since for G2, = (cf. Table H]). So g is of 
type Bf, Ce or F4 f Remark 15.311 . Thus we are in the situation of Lemma 13.101 Let {Xm,pm,i^m) be in (C*)'^. By 
definition of zm, we have: 

[ZM,U]= Y, aK{[x^j^j,X-ej^]+ XM[x^eM,X-eK]) + fJ.M E ^LlXe . 

+ VM bL[Xe Xe^]- XMbMhe„., + pMa + , .h^ . + VMa - . ,K ^ 

Note that [aj^j^ , a;_£^] 7^ if and only ii K = K^^{£m) by Lemma 13.31 By Lemma I3.11f i). the element v = 
PM E bL[xe , x,^] + UM E ^ifa^e^-, , , 2;^^ ] lies in u^i ,^2 • We Set £]5" = i (e + + £ , ) , and 

define the structure constants ti,T2,ts, T4 for a — £m and a = ejv?. Then, by Lemma [3.31 we have 

[zm,u] = (riO^+ + AMTaa^- + « 

By Remark 13.21 the elements of £^2 form a basis of f}^^ since 3C5^> / 0. So, by Lemma O we can write 
Hf., = c^h^ . — c~hg with c^,c~ G C*. Furthermore, £„+ , , and , , have the same length 

(they are both long roots, cf. Table SJ. So, c+ = c" (cf. [TY05I §18.3.3]). Hence 

[zm,u] = (ria^+ +AA/T2a^-(^^^j)a;_5^ + « 

+ {-cXMbM + PMa + , , + {cXm bM + I^mO^ , _ 

As a result, if we take for Am, Am = —Tia„+ , ■J(T2a, — , ,) and then for um and um, Um = cXMbM /a„+ , , 
and Um = —cXMbM /Oj^- ^^^^^ we obtain that [2m, m] = w £ Uni,n2, i-e- that 2m stabilizes (v«)|q,ri,,r2 • ^^i a similar 
way, one shows that tjv stabilizes {'Pu)\q^-^ • 

It remains to prove that zm is semisimple (and that tjv is semisimple but this can be done in a similar way). By 
Lemma l3.10f i). we have 

exp{ta.dx^)(xsj^,, + XmX-^j^,) = x^^,, + XmX-^j,, + t[x^, Xs,^.,] + tXM[xew x-^m] 

— Sej,,f + XmX^sm ~ ^''"3 Xe , — tXMTiX^ _ 

^^2'-^m) ^'7r2(^M) 

for any t G C*. By Lemma l3.1Uf iil. we have tit^ — T2T^. Therefore it is possible to choose t so that 
both equalities —tTs — cXMbM /a..+ , , (= um) and — tr4 — —cbula,.- , , (= vm) hold, because Aj\/ — 
—Tia^+ ^^^^j/(T2a^- (EAf))' With such a t, exp{t &dx-^){xenj + Ams^-em) = ^m. Hence zm is semisimple since 
XsM + Amk-ea/ is. □ 
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We can now complete the proof of Theorem 13.61 

Let {a,b) £ (C*)''"i ^''"^ such that {(pu)\q^-^ ^® q7ri,7r2-regular where u — {a,b). The orthogonal of -E,ri,7r2 
in is contained in c\Tvi,TT2{fu)- Then, by Lemma 13.121 it suffices to prove that the elements yK,ZM,tN, for 
K G %Tri nX,r2, M € and TV £ X^2^\ are linearly independent. Indeed, if so, the stabilizer of {^u)\q„-^^^^ 

in q,ri,7r2 contains a (commutative) subalgebra which consists of semisimple elements of q,ri,7r2 and of dimension 
(rkfl - dimE^-^^n^) + n X^^) + #5cf ' + ^x'^'' ■ But the hypothesis of Theorem 1331 tells us that #{X-ni n 

DC^2) + ^ + #^2^' = dim(S^i n -5^2) = k,ri + - dim_B^i,^2 (cf- Definition ITI)) . Hence, by formula dU, this 
subalgebra is the stabilizer of {ipu)\q„-^ ■ 

Now, by construction, M,N,K^^{eM), K~^{sm), K~^{eN), A"^j(ejv) do not belong to nX^2- Moreover, 
M £ Xni \ Xn2 and A'^ £ Xn2 \ X-^-^ , whence the expected statement. 



4. NON QUASI-REDUCTIVE PARABOLIC SUBALGEBRAS 

So far, our results (Theorem 13. 6p only provide examples of quasi-reductive parabolic subalgebras. It is much 
trickier to prove that a given Lie algebra is not quasi-reductive. Indeed, to prove that a given parabolic subalgebra 
is quasi-reductive, one can make explicit computations, cf. Section [S] In this section we exhibit examples of non 
quasi-reductive parabolic subalgebras. 

4.1. We first discuss the case of the parabolic subalgebras p^, where tt' only consists of one simple root. For 
a G TT, denote the parabolic subalgebra p|"^j simply by p^. Thanks to Theorem 14.11 we have a criterion for the 
quasi-reductivity of pj: 

Theorem 4.1. Let a be in n. Then the parabolic subalgebra p^ is quasi-reductive if and only if one of the following 
two conditions holds: a £ or {a} U £,r consists of linearly independent elements. 

If one of the above two conditions are satisfied, then the cascades of {a} and of tt are well-interlaced; so, it is clear 
that p+ is quasi-reductive by Theorem 13.61 Thus, Theorem 14.11 provides a converse to Theorem 13.61 for tti = {a} and 

Proof. We only need to show that if p J is quasi-reductive then a satisfies one of the two conditions of the theorem. 
Suppose that p+ is quasi-reductive. If a does not satisfy any of the above conditions, then a G i?^, and a is not an 
element of U Bv Proposition [L2l we can find w in PI such that (v5tu)||,+ is regular and of reductive type for pj . 
Moreover, by Proposition 1 1 . 6f iil . since a £,r, we can suppose that w is of the form: w — ax -a + h-\- bxa + u~ with 
a,b £ C, h £ t). Let us remind that the stabilizer of (Vu- )|[,+ in is the orthogonal of En in f) (Proposition 1 1 .6t i) V 
Consequently, as a G -B-n-, we have [b'^ {(p^-),w] = {0}, whence b"*" (</?„-) C p'^{(pw)- In addition, by formula ((T)), 
indpi = ind b"*" + 1. So, b^((^„-) is an hyperplane of p^ifm) (cf. [TY04bl Lemma 4.5]). Now choose x in pj such 
that the decomposition 

(3) ptiv^) ^Cx® Pi kerex 

holds. By the choice of w, pai'fiw) is an abelian Lie algebra consisting of semisimple elements. In particular x must 
be semisimple. Write the element x as follows: x = Xx with A, G C, /i' G f) and x'^ £ m^- 

From the fact [x,w\ £ , we deduce that h' £ p| kere^. So we can assume that h' = Q according to ([2}. Hence 

A/i 7^ 0, since x is semisimple. 

Since a is not in e^+j^j — a is a (positive) root. In turn, suppose that ek — a is a root, for K £ X^.. As a is 
a simple root, ek — q is necessarily a positive root, so if = K^{q). Therefore, we have 

\x,w] = \ [x-a^x-^^] + ^[xa,x-^ ^ ^] + \a{h)x - a + {a^i — b\)ha — iJ.a{h)x a + [x'^ , w] 

LeX^ (a) 

As [x,w\ £ m^, the bracket [x-i^ ^ , a^a] must be compensated. This bracket cannot be compensated by the term 
[a;"*", w]. Indeed, if this were the case, then there would exist K £ Xt^ and /3 G A+ \ {a} such that Ej^+j^) ~a = ek ~ P- 
But this would force K = Kt{a) and so q = /3, which is impossible. We deduce that there is L G X^{a) such that 
^K+(a) ~ Q = £-£.+ Q. Thus, Q = |(ejf+(jj,) — £l) that is q G Aj which contradicts our assumption on a. □ 
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Be, e>3 


De, e>4 


G2 


F4 


Eb 


Et 


Es 


cxi, 2 < i < £ — 1, i even 


, 2 < i < £ — 2, i even 


Ql 


ai 


"2 


"1, 014, Qg 


"1, "4, C<6> "8 



Table 5. The parabolic subalgebras p+ which are not quasi-reductive. 



According to Theorem |47TJ we list the simple roots a corresponding to a non quasi-reductive parabolic subalgebra 
pa (for simple g) in Table [5] 

Remark 4.2. In the exceptional case, Table [5] shows that there is always at least one non quasi-reductive parabolic 
subalgebra. 

4.2. We now exhibit a few more parabolic subalgebras which are not quasi-reductive (Theorem l4.3l and Theorem l4.6[l . 
all in type E. 

Theorem 4.3. (i) If g is of type E7 and if n' is one of the subsets {0:1,03,0:4}, {04,05,06}, or {oi, 03, 04, 05, og}, 
then p^, is not quasi-reductive. 

(ii) If g is of type Eg and if tt' is one of the subsets {01,03,04}, {04,05,06}, {06,07, Og}, {01,0^3,04,0:5,06} 
{04, 05, 06, 07, Og}, or {01 , 03, Q4, 05, 06, 07, Og}, then p^, is not quasi-reductive. 

The indices of the parabolic subalgebras considered in Theorem 14.31 are given in Table [6] Note that for g of type 
E7 or Eg, and vr' = {04,05,05}, p^, is not quasi-reductive by Theorem 12.11 and Example 11.81 

In the proof of the theorem and in Lemma [4.41 below, we make use of the following notations: If n' is a connected 
subset of TT, tt' is defined to be the connected subset of vr' satisfying = {tt'} U SC^f/ and m^, is the element 
^ x^.. Note that the element u^, -|- u~, is a semisimple element of g. Assume that g is of type Eg. Set: 

Oil = as + 04, O12 = 04 + 05, O13 = 05 -f Q6, Ql4 = 06 + 07, 
O19 = 03 -f 04 -f O5, O20 =04-1-05-1- 06, 021 = 05 -I- 06 + 07, 

O27 =03+04+05+ 06, 02g =04+05+06+ O7, O35 =03+04 + 05+06+07 

and denote by J^/ the set of integers i such that Oi £ A^/. Whenever Oi is defined, Xi and yi stand for Xo,. and x-a^ 
respectively. Consider the following equations: 

(El) fl4 + =0 (Gl) Mil -1^12 = 

(Fl) ^ii9 + 1^4 =0 (HI) /ii2 -1^11 = 

(E2) ~^i6 + i^2i = (G2) /ii3 + i^i4 = 

(F2) ^i2i -1^6 =0 (H2) /ii4 + i/13 = 

(E3) M20+i^35 = (G3) /i27-«^28 = 

(F3) ^i35 +1^20 =0 (113) fi28 - V2T = 

in the variables /li and Ui. Set tt[ = {oi, 03, 04, 05, 06}, 7^2 = {04, 05, 05, 07, og} and n'^ = {oi, 03, 04, 05, oe, 07, og}. 
We now introduce subspaces at of g^^/ (for fc = 1, 2, 3) as follows: 

- for k = 1,2, ak is the space of elements ^eh^ -\~ if^i^i + i^iJ/O with (Ae)^^^^^^/ in c'^"'^'^''' and where 

{{fii)i£i., , (yj)j^i_, ) run through the set of the solutions of the homogeneous linear system defined by the equations 
(Efc), (Ffc), (Gfc), (Hfc). 

- 03 is the space of elements JI! \ehs+ J] (/iia;i+!^it/i) with (AE)£g£^(-i?.' in C'^''^'^^' and where ((/ii)i6/^, , (!/j)jg/^, ) 

runs through the set of the solutions of the homogeneous linear system defined by all twelve equations. 
Here is a technical lemma used in the proof of Theorem 14.31 

Lemma 4.4. Assume that g is of type "Eg, . Then ak, for k = 1,2, '3, is the centralizer in g^fi^ of the semisimple element 
u'^, + u~,. It is a reductive Lie algebra and its rank is at most indpjj^, — 1. 
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Proof. Let k £ {1, 2, 3}. The fact that Ofc centraUzes u~, can be checked without difficulty. As /i and f play the same 
role in the equations (Efc), (Ffe), (Gfe), (Iffc), we deduce that at centralizes u^, too; hence Ofe centralizes u^, + u~,. 
Then Ofc is a reductive Lie algebra as an intersection between a reductive Lie algebra and the centralizer in g of a 
semisimple element of g. 

Next we show: rkofc < indpjj^, — 1. We can readily verify from the equations defining Ofcthat the center of Ofc is 
zero. Therefore, the rank of at is strictly smaller that the one of q^^i . Indeed, if not, at is a Levi subalgebra of 05f/ 
since g^:^ has type A. But any proper Levi subalgebra of g^/^ has a non trivial center. So, for k — 1,2, we get rka^ < 2 
since rkg5f/ = indp^, = 3 whence the statement. 

For = 3, what foregoes yields rkas < 4 since the rank of Q:^/ is 5. We have to show: rkas < indp'*', = 4. The 
space 03 has dimension 21. But there is no reductive Lie subalgebra of rank 4 and of dimension 21 since 21 — 4 is not 
even. As a result, we get rkas < 4. □ 

Here is the proof of Theorem 14.31 

Proof of Theorem \4-3\ By the transitivity property (Theorem 12. ip . statement (ii) implies (i). So we only consider 
the case of Eg. Let tt' be one of the subsets as described in (ii). Assume that p^, is quasi-reductive. We will show 
that this leads to a contradiction. Choose w £ p~, such that the following two conditions are satisfied: 

- {(pw)\^+ is p^, -regular and of reductive type for p^, ; 

- belongs to the B-orbit of (v^- )|„+ • 

This choice of w is possible by Proposition 11.21 and Proposition 1 1 .6f ii). By the second condition, we can assume that 
w = w' + u^, with w' £ I^'. Let x be an element of the stabilizer {fm)\^+ in p^,; we write x — h + x' + x^ , with 

h € h, x' £ n~, ® n"'', and x'^ € m'^,. The fact \x,w] G m^, forces /i G H kere. From that, we deduce that h 

IT IT 7r <- ' i TV II ' 

belongs to the subspace of f) generated by the elements h^, for £ G £,r n tt' C tt' (use Table[31). Now for a G F^/, one 
obtains that Sj^+f^^<^ AjJt, and we claim that x' has zero coefficient in g^. Otherwise, there must be /? G A^, and 
K G OCtv such that a — Ej^+^^^ = —{f5 + ek)- One can check that for each of the subsets tt' such an equality is not 
possible (use Table [3]). To summarize, we obtain the inclusion: 

(4) pt'iVn,) C gs- ffii^;- ®m+,, 

where is the Heisenberg Lie algebra generated by the g-a, ct G F.^/. Let t be the image of p^, ((/Jiu) by the 
projection map from g^/ © S)~, © xa^, to g^;. As p^, (v?tu) is a torus of g by hypothesis, (|4]) shows that t is a torus of 
g5f' of dimension indp^, — dimpjj^, ((^u,). 

For the first three subsets, with tt' of rank 3, p^, has index 2 but g^; has rank 1. So we get a contradiction. 

The remaining cases, with tt' of rank 5 or 7, require more work. Let us describe the torus t. To do that, we 
consider on one hand the roots a G At, with £^+, , ^ A^, for which there exist B G A"*", and K G %ti such that 
a — £^+(j^-) = —{P Ek)- On the other hand, we consider the roots a G A~, for which there is £ G £,r \ A^/ such 
that a? -I- £ is a root. All the possible roots give rise to equations describing t. Let k G {1, 2, 3} and use the notations 
introduced before Lemma 14.41 The equations what we obtained are precisely the equations (Efc), (Ffc), (Gfc), (Hfc) 
for k = 1,2, and all twelve equations above for = 3. Thereby t is contained in the reductive Lie algebra Ofc. But 
the torus t has dimension indpjj^, and this contradicts Lemma [4.41 □ 

Remark 4.5. Proceeding with the proof of Lemma 14.41 one readily obtains that a^, for k = 1,2,3, has precisely 
dimension indpjj^, — 1 (note that dimai = dim 02 ~ 10 and dim 03 — 21). Then, the proof of Theorem 14.31 shows that 
the dimension of the torus part of generic stabilizers is indpjj^, — 1. This dimension is given, for each case, in the last 
column of Table [HI 

We end the section with an example of non quasi-reductive parabolic subalgebra in Eg. As noticed in Remark l2.12l 
Theorem 14.61 shows that the additivity property fails in type Eg: 

Theorem 4.6. //g if of type Ee and if tx' = {ai, Q2, Q3, 0.4,, Qe}, then p'^, is not quasi-reductive. 
By symmetry, if tt' — {oi, 02, a4, as, ae}, then p^, is not quasi-reductive, either. 

Proof. Choose w G p~, such that the following two conditions are satisfied: 

- (V5»)lp+ is P^/-regular; 

14 



- (((2m)|„+ belongs to the B-orbit of )|n+- 
This choice is possible by Proposition 11.21 and Proposition ll.6r iiV By the second condition, we can assume that 
w = w' +u~ where w' is in f) ® n^, . For x £ p'^,, we write x = h + x' + x'^ with /i £ f), a;' € n~, ® n^, and a;"*" € m^, . 
Set: 

ar = ai + 03, og = 02 + a4, ac, = as + 0:4, 
ai2 = ai + as + Q4, Q13 =02+03+ Q4, 
ai7 = Cli + Q2 + Q3 + Q4 

and let 7^/ be the set of integers i such that at £ A^/. Then, for i G I^i, Xi, yi and /li stand for Xc^, x-a- 

6 

and respectively. Write x' — fiiXi + \ihi + J]] and w' = /lo + X] ^i^i with fto G f) and 

From £ ifi^/i we first deduce that h belongs to kere for any e £ £.„■ \ A^, whence we get Ai = — Ae and 

A3 = — A5. Next, we argue as at the end of Theorem I4.3f ii): we use the roots a £ A^, such that Ej^+^^j,) A^, and 
for which there exist /3 £ Aj|^, and K £ %■„ such that a — e^+^^j = — (/3 + sk)- This enables us to show that — Q 
for any i £ I^i \ {1,4,6} and that — /ii, fie — vi. Now, we consider the terms in Xa for a £ A^/ and in ha for 
a £ tt' of All these terms have to be zero; this gives us equations. Some of them involve the terms in Xc, for 

certain a £ A+ \ A^, but we can eliminate these variables and obtain equations whose variables are only the (Ai)i's, 
(/ij)j's, and (z^fc)fc's, for i = 1,3,4, j — 1,4 and k £ I^i. Here are these equations: 



(XI) 2ai\i — aiXs + [aa ~ a6){ho)fJ,i + aru-i + ai2h'9 + anvis — 

(X2) — a2A4 + asi^4 + 2i/s + 0131^9 + ani^i2 — 

(X3) — asAi + 2a3A3 — a3A4 — arui + 091^4 + 0131/8 — 

(X4) 2a/i\/i — a4(/io)/i4 — asv-z — U'^vs — 1121/7 ~ 

(X5) — 2A4 + a4(/io)i/4 a2i^8 — ^31/9 — 0-71^12 ~ 

(X6) —2a6Ai + asAs + (ai — Q6)(^o)i/i + 131^7 + a9!^i2 + "131^17 = 

(X7) arAi + utX-s — a7X4 — as/ii + ai2V4 + ani/s — 

(X8) agA4 + a2/i4 — 2!^2 — ai3!^3 — ai7!^7 — 

(X9) — a9Ai + 2a9A3 + a9A4 + asjii — auvi — 0131^2 — 

(X12) ai2Ai + ai2A3 + ai2A4 — ag/ii + 07/14 — ai7i/2 — 

(X13) — aisAi — anfi = 

(X17) ai7Ai + ai7A3 - ai3/ii = 

(HI) ae/ii — ai!/i — 071/7 — ai2!/i2 — cii7i^i7 ~ 

(H3) —031/3 — 071/7 — agi/g — ai2i/i2 — Q.131^13 — ani/n — 

(H4) —2/14 — a2U2 + 2a4//4 + agus + 2a9!/9 + 2ai2!/i2 + aniyvi + ai7i/i7 = 



Using a computer algebra system, we show that for any {{ai)i^i , , (a?i(/io))ie7r') in an open dense subset of C'^"' ' x 
C®, the above homogeneous linear system has rank 14, 013017 7^ 0, and any of its solution ((Ai)i=i,3,4, (Mi)j=i,4i {'^k)kei , ) 
verifies A3 = 0. We can (and do) assume that ((oi)ig/ / , (a!i(/io))ieir') belongs to this open subset; in particular 
013017 7^ 0. From the equations (X13) and (X17), we obtain that any solution of this system verifies Ai + /iiz/i = 
because A3 — 0. Since fii = for any i £ I^i \{1, 4, 6} as observed previously, this shows that x' is a nilpotent element 
of (^/; so 2; is a nilpotent element of g. As a consequence, p^, is not quasi-reductive. □ 

5. Explicit computations and classification 

We assume in this part that g is simple of exceptional type. Together with Theorem 11.71 the next two theorems 
(Theorem 15.11 and Theorem 15. 2p complete the classification of quasi-reductive parabolic subalgebras of simple Lie 
algebras. The goal of this section is to prove these theorems. 

Theorem 5.1. Assume that g is of type G2, F4, E7 or Eg. Let tt' be a subset of tt. 

(i) // g is of type G2, then p^, is quasi-reductive if and only if tv' is different from {ai}. 

(ii) If Q is of type F4, then p^, is quasi-reductive if and only if each connected component of tt' is different from 

(iii) If g is of type E7, then p^, is quasi-reductive if and only if each connected component of tt' is different from 
the subsets {ai}, {04}, {as}, {qi, Q3, 04}, {oii,a5,afi} anci {qi, 03, 0:4, as, Qe}. 
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(iv) // g is of type Eg, then p^, is quasi-reductive if and only if each connected component of tt' is different from 
the subsets {oii}, {04}, {ae}, {as}, {"1,03,04}, {04, as, ae}, {a6,a7,Q!8}, {ai, as, 04, as, ag}, {04, as, oe, ay, ag} 
and {qi , as , a4 , Qs , Qe , ar , ag } . 

Theorem 5.2. Assume that g is 0/ tj/pe Eg and let tt' be a subset of it . Then p^, is quasi-reductive except in the 
following three cases: 

1) {02} is a connected component of tt' ; 

2) tt' = {ai, a2, as, 04, Qe}; 

3) n' = {qi, Q2, a4, Qs, as}. 

Tabled] and Table [7] below summarize the results of Theorems 15.11 and 15.21 : indeed, whenever rkg = k-,r, only the 
cases where tt' is connected need to be dealt with thanks to Theorem 12.111 In these tables, the last column gives 
the dimension of the torus part of a generic stabilizer; we refer to Remark 14.51 for explanations in the types E7 and 
Eg. For the type Es, let us roughly explain our computations : in most cases, the subspaces f] kere of f) 

yield elements of the generic stabilizers of the regular linear forms of the form (f^' +u~)\p+ with w' € l„' . For the 
cases {Qi,Q2,a6}, {02, as, as} and {qi, 02, as, qs, ae}, one can show that the generic stabilizers of these forms also 
contain nonzero semisimple elements which do not belong to (). Since this is not a central point for our work, we 
omit the details. 



Typo F4: 



7t' 


ind p'*', 

TT 


dim. of torus part 




1 






tt' 


ind p^, 


dim. of torus part 


{"1} 




1 





{"4} 




1 





{ae} 




1 





{ai, as 


04} 


2 


1 


{ai, a^ 




2 


1 


{ai, as 


Oi, a^, ae} 


3 


2 



tt' 


ind p^. 


dim. of torus part 


{"1} 






1 





{"4} 






1 





{ae} 






1 





{as} 






1 





{ai , as 


04} 




2 


1 


{at, 05 


ae} 




2 


1 


{ae, a-! 


as} 




2 


1 


{a\ , as 


a4, as 


ae} 


3 


2 


{0:4, a5 


ae , aj 


as} 


3 


2 


{ai , as 


a4, as 


ae, a?, as} 


4 


3 



Table 6. The non quasi-reductive parabolic subalgebras p^, with connected tt' in 
F4, E7 and Eg and their indices. 



Remark 5.3. Theorems l5.1l and l5.2l confirm what was announced in Remark l2.12l The only cases where the additivity 
property fails is for g = Eg and tt' = {ai, Q2, as, 04, as} (where {ai, 02, as, 04} is not connected to {as}), resp. for 
= Ee and tt' — {ai, 02, 04, as, as}. 

By Theorem 14.11 Theorem 14.31 and Theorem 14.61 in order to prove Theorems 15.11 and 15.21 it is enough to show 
that if tt' is different from the subsets listed in Theorems 15.11 and 15.21 then p^, is quasi-reductive. This is our goal 
until the end of the paper. Recall that a^ is the simple root connected to the lowest root in the extended Dynkin 
diagram. By Theorem 12. 11 we can assume that tt' contains aT^- Moreover, whenever rkg = k,r, we can assume that 
tt' is connected by Theorem 12.111 

The case where vr' has rank 1 was dealt with in Theorem 14. II In the next subsection, we study the case where tt' 
is connected and of rank 2. Then we discus the remaining cases in Subsection 15.21 
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tt' C TT, TT of type Eg 


ind p+, 


dim. of torus part 


{"2} 


3 


2 


{ai , Q2}, {a2, ae} 


2 


1 


{03, Q2}, {a2, 05} 


2 


1 


{ai, 02,05}, {02,03,06} 


1 





{oi , 02, oe} 


3 


2 


{02, 03, 05} 


3 


2 


{01,02,03}, {02,05,06} 


2 


1 


{01,02,03,05}, {02,03,05,05} 


1 





{01,02,03,06}, {02,01,05,06} 


1 





{oi , O2, 03,05, 06} 


3 


2 


{oi , 02, 03, 04, 06}, {oi , 02 , 04, 05, oe} 


1 






Table 7. The non quasi-reductive parabolic subalgebras in Eg and their indices. 



5.1. Assume that q is of type F4, Ee, E7 or Eg and let tt' be a connected subset of tt of rank 2 which contains q^. 
Write tt' = {ai^jOij} with = q^. Lemma [5.41 shows that the roots of tt' have common properties: 

Lemma 5.4. The subset tt' has type A2 and there are four integers jo,ji,j2,j3 in {l,...,k,r} and a guadruple 
(co, ci, C2, C3) £ C* such that the following properties are satisfied: 



'^il — ^Jl J "12 — 2 

Proof. We verify the properties for each type: 

Type F4: tt' = {q2, ai}, with Qi(= q^) = |(ei— £4-52 — £3) and 02 = £4- Moreover /lai+aj = ^{h^-^+h^^ — h^^ -hss)- 
Type Ee: tt' = {04, 02}, with a2(= Ott) ~ 5(£i — £4— £2— £3) and a4 = £4. Moreover ha2+a4 ~ ^{hs^ +h^^—h^2 ^^£3 )• 
Type E7: tt' = {ai, 123}, with ai{— a^) — 5(£i— £6— £2— £3) and as = Moreover /lai+ag ~ ^{h^i +hee — h^.^ ^h^^). 
Type Eg: vr' = {07,08}, with ols{= a,r) = f (£1 — £5 — £2 — £3) and a? = £5- Moreover haj+a^i = \{hei + /lej - /ie2 — 
K,). □ 

Recall that there exist a = (ai,...,akj) G (C*)'''' and b G C*, such that the linear form (Vu{a,6))|p+ is p^,- 
regular. Since £.^/ — \{£jQ + £ji — £j2 ~ ^^3)) the element £jo — £^/ is a positive root. Denote by /32 and /33 the two 
positive roots /32 = (£jo — £^') — £^2 and = (£jo ~ £^/) — £^3.. For A = (A2, A3, /io, /ii, /^2, M3, i^) G (C*)^, we set 
a;(A) = a;-e„, + Mxp.^ + A32;/33 + J2k=o f^'^^'^i^ + ^^-^ji • 

Lemma 5.5. Let (a,b) be in (C*)''" x C* such that {(Pu(a,b))\p+ is p^, -regular. 

For a suitable choice of \ = (A2, A3, /^o, /^i, M2, MSi G (C*)^, the element x{X) lies in the stabilizer of {ip„(^a.b))\p+ 
in p^,. Moreover, for such a X, we have p'^,{fu{a.b)) ~ H ker£_ff © Ca;(A) and the element x{X) is semistmple. In 

particular (Pu{a,b) *s of reductive type for p^, . 

Proof. By definition, we have £-,2 + £.^' = £30 ^ /^a, £^3 + £,r' = £jo ~ /^s, /32 — £33 = 1^3 — ej2 =022 and£^'— £ji =0*2- 
We define the structure constants ri, r2, r3, r4, T5, re, ro by the following equations: 

[a;/32,x-e^.J = ria;_(^^,+^^.^) ; [x-e^, ^x^^.J ^ T2X_,^^^,+^-^-) 

[xi33,X-e^J ^ r3X_i^^^,+^.^) ; [X-^^,,X-ejJ ^ T4X_,^^^,+^-^-) 

[a;^2 > 2;— ] ~ TsXon^ ; [xp^,x—ej^] = reXa^^ ; 

— , ^£^/] ~ rQXa^^ • 

Set u — u{a, b) and x = a::(A). We have: 

3 

[x,u] = b[x-,^,,x,^,] + ^iikajf^[x,.^,x.,.J-\-aj.^[x.,^,,x.,^J-\-aj^[x.,^,,x.,-^] + X3ajg[xi3^,x.,.J 

k = 

-\-X2ajg[xi3^,X-e^J -\-iyb[X-e.^,X^^,] -\- X2aj^[Xf3^,X-e^J + XsUj^lx fi^ , X-e^J +V 

where v is in tn^, . In the above notations, this gives: 



[x,u] = b{-h^^,)-\-'^iikaj^he^^-\'{a.j^T2 + X2ajaTi)Q 



-(^,'+=32) 

fc=0 

+ ('^J3'^4 + A3aj„T3)a;_(j^,+£^.^) + [lybro + A2aj3r5 + X3aj2T6)xc^^ + v 
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Set fik = {bck)/aji,, for k — 0,1,2,3. By Lemma \5A\ we get b{ — h^^,) + Ylk=o i 2 s t^^^^-ik^'^] . ~ 0- Next, we set 
A2 = —o.j2'''2/{ajgT\) and A3 = —1^3 ■'4/(0^0 ''"s) that the terms in x_(^^,^s,.^) and x_(g^,^ir. ) in [x,m] are both 
equal to zero. At last, we choose v so that the term in a:^-^ in [x,u\ is 0. Then the element x stabilizes (v5ti)|p+ • 

Let A be as above. We have thus obtained the inclusion f~l kerex ® Cx C p'^,{^pu)- By equation ([l}, 
indp^, = rkg — k,r + 1 whence the equality p| kere^ © Cx — p^, (v'u)- 

We now show that x = a;(A) is semisimple. To start with, we prove that x is semisimple if and only if 
(''"2T"5)/ri + (T4T6)/r3 7^ 0. As /32 and are both different from Qi^,Qi2 and + ai^, the component of a; on 
l^/ in the decomposition p^, = [^/ ©m^, is x-^^, -\- iiix^._^ ~\-vx-s._^ . By what foregoes, ^\ — {hc{)/aj-^ ^ 0. Therefore, 
X is semisimple if and only if 7^ 0. We have vbra + A2aj3T5 + Asttj^Te = 0, that is, by the choices of A2 and A3: 
ubro - {aj^T2aj^T5)/{ajgTi) - {aj3T4aj^T6) / (ajgTs) = Hence v = 1/(6t(,) x {aj^aj;,) /aj„ x ((r2r5)/ri + (r4r6)/r3). As 
a result, z/ 7^ if and only {t2T5)/ti + {T4Te)/Ts / 0. 

It remains to check that the condition {t2Tz)/t\ + (r4r6)/r3 7^ holds. We check the condition for the all cases 
considered in the proof of Lemma 15.41 Note that the computations of the integers Ti can be done using GAP. 

Type F4: One checks that ri = rs = 1 and T2 = T4, = = T(, = —1. 

Type Ee: One checks that ri = r2 = = r4 = 1 and rs = re = — 1. 

Type E7: One checks that t\ = T2 = t-j, = T4, = = re, = —1. 

Type Eg: One checks that ri = r2 = rs = r4 = rs = re = 1. □ 
To summarize, this gives us: 

Theorem 5.6. For simple g of exceptional type, and simple tv' C tt of rank 2 containing a^, the parabolic subalgebra 
p^, is quasi-reductive. 

Using Theorem 15.61 we obtain new cases of quasi-reductive parabolic subalgebras in Eg: 

Theorem 5.7. For simple g of type Eq and n" — {0:1,0:2,0:4} or {ai,a2,a4,ae}, p^„ is quasi-reductive. 

Note that Theorem 15.71 cannot be deduced from Theorem 12.111 even though n" is not connected. Indeed Theo- 
rem [27lT] fails in type Eg as explained in Remark 12. 121 

Proof. We approach the two cases in the same way. 

Let tt' be the subset {02,04}. Then ir' is a connected component of ir" . Hence, one can choose u" = u{a,b) 
such that both {(Pu")\f,+ ^nd {ip^,)\^+ are regular (for p^„ and p^, respectively) where u' — u{a,b^i). Let 

A = (A2, A3, ^0, /ii, ^2, /13, J^) be an element of such that x = 2;(A) stabilizes (Vu')lp+ (cf- Lemma |5.5[) . One 
can readily check that x belongs to p^„(<^„//), too. On the other hand, in both cases, the orthogonal of E^n^^ in () 
has dimension 1, is contained in p^„((/9„//), and does not contain x. Hence, as x is semisimple (by Lemma l5.5p . we 
have found a torus a dimension 2 which is contained in p'^,,{fu")- 

We distinguish now the two cases: 
Case tt" = {01,02,04}: by ([T]), indpjj^,, = 2. Then, the above discussion shows that (Vu")lp+ is of reductive type. 

Case tt" — {qi, Q2, Q4, Qe}: by ([l}, indp^,,, — 3. So, it suffices to provide a nonzero semisimple element in 
P^//(Vti") which does not lie in the preceding torus. We claim that the (semisimple) element y — {aKs./b{aQ})xa-^ + 
{aK2/b{ai})x-ai + {a-K3/bf^ai})xas + {aK2 / b{a^})x + x'^ does the job, where a;^ is an element of m^„ and where 
Ki (for 1 < i < 4) corresponds to the highest root Si. □ 

5.2. Using the results of Sections [2] [3] and |H we are able to deal with a large number of parabolic subalgebras. 
Unfortunately, the results obtained so far do not cover all parabolic subalgebras. There remains a small number of 
cases. We consider these here. This will complete the proof of Theorems 15.11 and 15.21 
We first consider examples which do not need of the computer programme GAP. 

It is well known that minimal parabolic subalgebras of a real simple (finite dimensional) Lie algebra are quasi- 
reductive, see e.g. [Moo70j . Moreover, the complexified subalgebras give rise to quasi-reductive subalgebras of the 
corresponding complex simple Lie algebra. In type F4 and type Eg the so-obtained parabolic subalgebras of g 
correspond to the subsets n' — {qi, Q2, 03} and tt' = {02, 03, 04, 05} of tt respectively. As a result, we have: 

Proposition 5.8. (i) If g is of type F4 and if n' is {01,02,03} then p^, is quasi-reductive. 
(ii) If g is of type Es and if n' is {02,03,04,05} then p^, is quasi-reductive. 
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We consider now the remaining cases. For all these cases, we are able to find (a, 6) £ c'C^T+k^/) g^^jj ^jj^^ <fu{a,b) 
is of reductive type for p^, . We have used the computer programme GAP to check that the stabilizer of such a form 
is a torus of g. The commands we have used are presented in Appendix [A] 

Proposition 5.9. (i) // g is of type Ee and if tv' is {qi, 02, Q3, 04, Qs} or {a2, Q3, Q!4, Q5, ae} then p^, is quasi- 
reductive. 

(ii) If Q IS of type E7 and if n' is one the subsets {01,02,03,04}, {01,02,03,04,05}, {01,02,03,04,05,06}, 
{01,03,04,05} or {oi, 03, 04, 05, og, 07} then p^, is quasi-reductive. 

(iii) If Q IS of type Eg and if n' is one the subsets {05,06,07,03}, {03,04,05,06,07,03}, {02,04,05,06,07,03} 
or {q2, 03, Q4, Q5, Q6, Q7, 03} then p^, is quasi-reductive. 

This proposition completes the proof of Theorems l5.1l and l5.2l the other cases are dealt with either in Remark II. 5 1 
or in Example 13.71 or in Theorems 14.11 15.61 and 15.71 (or deduced from Theorem 12.11 or Theorem 12.111 as explained 
before) . 

Remark 5.10. As noticed in the introduction, Proposition 15. 91 can be proved without the help of GAP; this is done in a 
joint work of the second author and O. Yakimova, [MY] where the authors consider the maximal reductive stabilizers 
of quasi-reductive parabolic subalgebras of simple Lie algebras. 

Appendix A. 

In this appendix, we explain how to use GAP to verify that for suitable u = u{a,b) and tt' as described in Proposition 
I5.9l the linear form (<^u)|p+ is of reductive type. We do this for the example g =E7 and tt' = {oi, 02, 03, 04, 05}, the 
other cases work similarly. First, we define the simple Lie algebra L (= g), a root system R and a Chevalley Basis 
(h,x,y) of L, and then the parabolic subalgebra P (= p^, ) generated by gP; its dimension is dP: 

>L:=SimpleLieAlgebra("E" ,7,Rationals) ; ;R:=RootSystem(L) ; ; 

>x:=PositiveRootVectors(R) ; ;y :=NegativeRootVectors(R) ; ; 

>g:=CanonicalGenerators(R) ; ;h:=g[3] ; ; 

>gP : =Concatenation(g [1] ,h,y{ [1 . . 5] }) ; ;P : =Subalgebra(L,gP) ; ;dP : =Dimension(P) ; 
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Next we choose numbers (al , a2 ,a3, a4,a5 , a6 ,a7 ,bl ,b2 ,b3 ,b4) G (^C*)^^^^^^''' and we define the element u=ul+u2 
i= u(a,b)) of p~: 

>al:=-3; ;a2:=5; ;a3:=7; ;a4:=ll; ;a5:=13; ;a6:=-17; ;a7:=19; ; 
>bl : =23 ; ; b2 : =-29 ; ; b3 : =31 ; ; b4 : =37 ; ; 

>u2 : =al*y [63] +a2*y [49] +a3*y [28] +a4*y [7] +a5*y [2] +a6*y [3] +a7*y [5] ; ; 
>ul:=bl*x[37]+b2*[16]+b3*[4]+b4*x[l] ; ;u:=ul+u2; ; 

We are now ready to compute the stabilizer of (9?u)|p- To start with, we calculate the vector space 
V generated by the brackets u*bP[i] , for i = 1, . . . ,dP, where bP is a basis of P. We obtain the 
orthogonal K of V with respect to the Killing form thanks to the command KappaPerp. Then, the 
stabilizer S of (y^u)!? is the intersection of K and P: 

>bP:=List(Basis(P)) ; ; l: = [];;for i in [l..dP] do 1 [i] : =u*bP [i] ; od; ; 1 ; 

>V:=Subspace(L,l) ; ;K:=KappaPerp(L,V) ; ;S:=Inter sect ion (K,P) ; ;dS:=Dimension(S) ; 

4 

The fact dimS=4 shows that (v^u)!? is regular, since indP = 4. It remains to check that S is a 
reductive subalgebra of L.. To process, we check that the restriction of the Killing form to S x S is 
nondegenerate. For that it suffices to compute the intersection between S and its orthogonal in L. 
The result has to be a vector space of dimension 0: 

>KS : =Intersection (KappaPerp (L,S) ,S) ; 
<vector space of dimension over Rationals> 
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